The construct M of metered spaces and contractions is known to be a superconstruct in which all metrically generated constructs can be fully embedded. We show that M has one point extensions and that quotients in M are productive. We construct a Cartesian closed topological extension of M and characterize the canonical function spaces with underlying sets Hom(X, Y ) for metered spaces X and Y . Finally we obtain an internal characterization of the objects in the Cartesian closed topological hull of M.
Introduction
Metrically generated theories were introduced as categories that are naturally described by means of a suitable functor defined on generalized metric spaces. Many well-known examples are captured in this way. For instance Top, Unif and Ap are metrically generated and the natural functors describing the transition from a (generalized) metric d to e.g. a topology T d , a uniformity U d , an approach structure A d [8] to "the metrizable" objects of the category, satisfy the conditions formulated in [4] . The notion "metrically generated" also allows to capture less evident examples like the construct of measurable spaces or the construct of bornological spaces coming from an l ∞ structure as described in [5] , the construct of reflexive relations and the construct of pre-ordered sets.
Further a supercategory M is available, with objects pairs (X, M) where X is a set structured by a certain family of generalized metrics and where morphisms are expressed by the condition f :
The category M is called the construct of metered spaces and contractions and it was proved that M is a superconstruct in which all metrically generated constructs can be fully embedded.
M is a well fibred topological construct and in this paper we investigate whether M satisfies further convenience properties. We show that M has representable extremal partial morphisms and that quotients in M are productive. However M is not Cartesian closed, in fact finite products do not distribute over coproducts. To overcome this deficiency we construct the Cartesian closed topological hull of M which we describe as LM in Section 2. We characterize the canonical hom-objects with underlying sets Hom(X, Y ) for metered spaces X and Y . Finally LM satisfies all desirable convenience properties since we prove it is a topological universe. We use categorical terminology as developed in [1] or [9] .
The construct of metered spaces
For notational and terminological simplicity and in order not to deviate too much from standard practice, we will call a function d : X × X → [0, ∞] a quasi-pre-metric if it is zero on the diagonal and we will drop "quasi" if d is symmetric. Note in particular that we do not suppose a quasi-pre-metric to be either realvalued or separated. Met(X) is the class of all quasi-pre-metrics on X. A map f :
We recall the definition of the construct M. A downset in Met(X) is a non-empty subset S such that if d ∈ S and e a quasi-pre-metric with e d then e ∈ S. For any collection B of quasi-pre-metrics we put B↓:= {e | ∃d ∈ B: e d}. We say that B is a basis for M if B↓= M. Definition 2.1. M is the construct with objects, pairs (X, M) where X is a set and M is a downset in Met(X). M is called a meter (on X) and (X, M) a metered space. If (X, M) and (X , M ) are metered spaces and f :
It is easily verified that M is a well fibred topological construct. Given a structured source (f j : X → (X j , M j )) j ∈J the initial structure on X is the meter
It can easily be verified directly that in M final episinks are hereditary which also means that extremal partial morphisms are representable. In the proof of the next theorem we give the explicit description of the one point extensions in M. 
We show that
Then there exists an index j ∈ I and a quasi-pre-metric
Define e j ∈ Met(Y j ) as follows: for y j , y j ∈ Y j , put
Then e j is zero on the diagonal of Y j and because
In spite of the previous commutation property we have the following negative result.
Proposition 2.4. M is not Cartesian closed. If X is not indiscrete and
Proof. Let (X, M) be a non-indiscrete metered space and consider the discrete two-point
is not indiscrete, there exists a quasipre-metric q ∈ M, which is not the zero metric. Now put
Then p belongs to the meter of the coproduct X + X but p does not belong to the product meter on X × D 2 . Indeed for x and y with q(x, y) different from zero, we have
does not hold, for any e ∈ Met({0, 1}). On the other hand, for different i and j we have that p((x, i), (x, j )) is infinite and therefore neither p d
Remark that when M is replaced by M C , the full subconstruct consisting of those objects (X, M) where M has a basis consisting of pre-metrics, then exactly the same convenience properties hold: M C is extensional and products of quotients are quotients, but M C is not Cartesian closed. However things change drastically when working in a subconstruct the objects of which have a basis satisfying the triangular equality. This study is part of still ongoing research.
Function spaces for metered spaces
In [2] it was shown that the fact that in M products of quotients are quotients, implies that M has a Cartesian closed topological hull. Moreover this hull can be constructed as a full subconstruct of the Cartesian closed topological construct AM in which M is finally dense. Objects of AM are pairs (Z, 0), where Z is a set and 0 a collection of metered spaces satisfying certain conditions which we will recall later in Section 3. From [7] it then follows that the Cartesian closed topological hull (CCTH) of M can be formed as the concretely reflective hull in AM of the canonical hom-objects of metered spaces. In Section 3 it is our purpose to give an internal description of the objects in the CCTH of M.
In order to prepare for the next section we define the following construct LM. 
For every T ∈ H, (T , M T ) is a metered space and μ
(L4) For every T ∈ H, M T has a basis B T , with the following property: for all S ⊂ T and ϕ ∈ B T with ϕ| S×S / ∈ M S , there exist points u, v ∈ T such that {u, v} ⊂ S and
is a contraction. Proof. We describe the initial structures in LM. For a collection of LM-objects
∈ H i } and if for T ∈ H the structure M T is the initial structure on T for the source
The 
Finally PM is the class of all objects
Hom(X, Y ), H, (M T ) T ∈H
thus defined.
Proposition 3.4. PM ⊂ LM.

Proof. Let (X, D), (Y, D ) be arbitrary M-objects and (Hom(X, Y ), H, (M T ) T ∈H ) in PM.
First note that M T is indeed a meter for every T ∈ H. We prove that the axioms (L1)-(L4) are fulfilled.
Then obviously B T is a basis for
M T . For S ⊂ T , for d with sup f,f ∈S d • f × f ∈ D and sup f,f ∈T d • f × f / ∈ D there exist f, f ∈ T , with {f, f } ⊂ S and ϕ d (f, f ) = 0. 2
Proposition 3.5. For metered spaces (X, D) and (Y, D ), let (T , M) be a metered space with T ⊂ Hom(X, Y ), then with the notations of Definition 3.3, the following are equivalent: (1) The restriction ev : (T , M) × (X, D) → (Y, D ) of the evaluation map to T × X, is a morphism in M. (2) T ∈ H and M is finer than M T .
Proof. Suppose T ∈ H. We prove that ev : (T , M
for f, f ∈ T and x, x ∈ X. If this is not the case then ϕ d ∈ M T and then we have
for every f, f ∈ T and x, x ∈ X. To prove the other implication, let (T , M) be a metered space such that T ⊂ Hom(X, Y ) and ev : Finally, to prove that M is finer than
Cartesian closed topological hull
In this section we recall the construction of the Cartesian closed topological construct AM in which M is embedded as a finally dense subconstruct, as developed in a general setting in [2] . Objects of AM are pairs (Z, 0), where Z is a set and 0 a collection of metered spaces satisfying the following conditions. 
Our construct LM can be concretely and fully embedded in AM. For an object (Z, H, μ) of LM, where μ = (M T ) T ∈H , consider the collection
It is clear to see that the concrete functor defined on objects as
is a concrete full embedding. Denote by LM the isomorphic image of LM. Further define PM as the image of PM in AM by the restriction of the functor U. Then in view of Proposition 3.4 we have PM ⊂ LM.
From Proposition 3.5 it follows that the objects in PM satisfy the description of the canonical hom-objects in AM as described in [2] . Using a result from [7] , the CCTH of M can be formed as the concretely reflective hull in AM of the canonical hom-objects of metered spaces. Finally we can conclude that the Cartesian closed topological hull CCTH(M) of M is obtained as the concretely reflective hull of PM in AM.
Since M is finally dense in AM, the same holds for LM and by application of Proposition 10 from [7] , the dense embedding preserves initial sources. Finally since LM is topological, we can conclude that LM is concretely reflective in AM.
These observations already imply an inclusion for our isomorphic descriptions:
Next we prove that the inclusion above is an equality, so this equality then provides an internal description of the objects in the CCTH(M). We make use of the isomorphic description LM inside AM and of the characterization of CCTH(M) as the full and concrete subconstruct of AM consisting of those objects (Z, 0) for which 0 is a powerclosed collection in Z. For the explicit definition of powerclosedness we refer to [3] . Finally define the map
is not a contraction, we remark that for all ((s, s), (s , s ) ) where s, s are taken in S such that ϕ(s, s ) > d(s, s ) ) and that for all T ∈ H with ϕ| (S∩T ) 
Topological universe hull of M
A topological universe is a topological construct in which final episinks are preserved under arbitrary pullbacks. In a topological universe both the convenience properties with respect to function spaces and with respect to representability of extremal partial morphisms are fulfilled since a topological universe is at the same time Cartesian closed and extensional. We use the standard notations ETH for the extensional hull, and TUH for the topological universe hull of a topological construct. The previous result can also be obtained directly, by proving that LM is extensional. Finally we conclude with a remark on the symmetric case. As we mentioned earlier, considering essentially pre-metrics, i.e. assuming that the meters have a basis consisting of pre-metrics, does not change anything. Performing the constructions on M C rather than on M allows the same conclusions. However, starting with quasi-metrics, i.e. with meters having a basis consisting of quasi-metrics, does not allow the same results. The modifications to be made in our theory are the subject of still ongoing research.
